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Abstract
A Lorentz non-invariant higher derivative effective action in flat spacetime, characterised by a
constant vector, can be made invariant under infinitesimal Lorentz transformations by restricting
the allowed field configurations. These restricted fields are defined as functions of the background
vector in such a way that background dependance of the dynamics of the physical system is no longer
manifest. We show here that they also provide a field basis for the realisation of Lorentz algebra and
allow the construction of a Poincare´ invariant symplectic two form on the covariant phase space of
the theory.
1 Introduction
Any departure from exact Lorentz symmetry is expected to be a telltale footprint of quantum gravity,
the theory of physics beyond the Planck scale (denoted by Planck mass MPl). This possibility is tremen-
dously exciting owing to the fact that quantum gravity effects fall largely outside the domain of our current
experiments and observations. Moreover, it is always challenging to find the limits of validity of any sym-
metry. These factors have stimulated a lot of work on the theoretical, phenomenological and experimental
aspects of Lorentz violation since the last couple of decades [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14].
In the present report, we shall focus on a low energy effective field theory of scalar, vector and spinor
fields developed by Myers and Pospelov [10] that incorporates deviation from Lorentz symmetry through
the inclusion of an extra term. This new term contains a Planck suppressed dimension five operator with
a constant background vector n that essentially assigns a preferred direction to spacetime. However, in
[15], the authors demonstrate that there exist quite general field configurations which can restore Lorentz
symmetry in the limit of infinitesimal transformations in modified action of [10]. These Lorentz preserving
fields, as they have been named in [15], locally conserve the No¨ther current for Lorentz transformations.
Notice though that the Lorentz violation that had been woven into the Myers Pospelov theory is not
lost. It manifests itself through the dependance of the Lorentz preserving fields on the directionality of
the background i.e. on n. Given this scenario, a natural question to ask is whether Lorentz Lie algebra
can be realised on a basis of such special field configurations.
We shall consider the case of the Lorentz preserving scalar fields [15] for the modified action of [10] as
an illustrative example. The extended action of a complex scalar field φ proposed by Myers and Pospelov
is,
SMPφ =
∫
d4xLMPφ ,
=
∫
d4x
[
|∂φ|2 −m2|φ|2
]
+
∫
d4x
iκ
MPl
φ∗∂3nφ . (1)
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The first integral contains the usual Lagrangian density of a complex scalar field with massm while the
term under the second integral is the Lorentz violating contribution. κ is a real, dimensionless parameter
and n · ∂ ≡ ∂n, n being a constant four vector. According to [15], this action shall be symmetric under
infinitesimal Lorentz boosts or rotations if the complex scalar field can be split as,
φ(x) = φ‖(x‖) + φ⊥(x⊥) (2)
where, φ‖ and φ⊥ are arbitrary functions of their respective arguments x‖ and x⊥ defined by n.
x‖ ≡
x·n
n2
n and n · x⊥ = 0, so that x = x‖ + x⊥. So, the derivative operator can be written as
∂ = ∂x‖ + ∂x⊥ = ∂‖ + ∂⊥ where the notation ∂‖ ≡ ∂x‖ and ∂⊥ ≡ ∂x⊥ .
A key aspect of the additional term in (1) is that it contains third order derivatives of the field unlike
standard first order Lagrangians. But higher derivative Lagrangians are not new to physics [16]. Back
in 1961, Ostrogradskii [17] had developed a canonical formalism for dealing with them. Reviews and
modifications of his technique [18, 19, 20, 21] study mostly systems having finite number of degrees of
freedom and higher time derivatives of the generalised coordinates. An extension to special relativistic
continuous systems is presented in [22], though it relies on the existence of Lorentz symmetry. In the
next section, we shall briefly review Ostrogradskii’s original construction and its generalisation to field
systems, tailored to suit the Lagrangian (1) with fields that decouple as (2)
Usually, the canonical formalism is understood to be non-covariant because it involves the choice of a
spacelike hypersurface and its orthogonal time direction. In fact, all the peculiarities of a higher derivative
theory are due only to higher order time derivatives. Spatial derivatives are quite benign, staying within
the scope of standard first order canonical approach. So, in section 3, the study of the modified scalar
field theory will be split up into two cases distinguished by n2 being timelike and spacelike. We will not
comment on n2 = 0 in this paper. We shall also take the liberty of working in certain Lorentz frames
that simplify calculations.
However, a covariant framework for the canonical formulation of a relativistic theory may also be
developed [23, 24, 25, 26, 27] through the construction of a covariant phase space and a symplectic two-
form on it. Reference [28] has presented a natural extension of this technique to higher derivative field
theories. Section 4 will contain a summary of the main features of the covariant phase space for first
order as well as higher order derivative field systems. We shall conclude by showing how the Lorentz
preserving fields facilitate the construction of a covariant phase space structure for the Lorentz violating
effective field theory under consideration.
2 Canonical formalism in the presence of higher derivatives
2.1 Non-relativistic systems with finite degrees of freedom
Let us consider a system described by the Lagrangian L(qa, dtqa, ..., d
l
tqa) which is a function not only of
the generalised coordinate qa(t) and the velocity dtqa(t) but of all derivatives dtqa(t), d
2
t qa(t), ..., d
l
tqa(t)
upto order l. Here a labels the different degrees of fredom and we adopt the notation qa(j) ≡ d
j
tqa, j =
0, ..., l so that qa(j+1) = q˙a(j). Each of these qa(j) upto j = l − 1 will have a conjugate momentum
pa(j). Remember though that the superscript j of pa(j) only denotes that it is conjugate to qa(j).
The system is now specified by a point in the phase space spanned by qa(j), p
a(j); j = 0, ..., l − 1. We
have here assumed that the highest derivative qa(l) can be written as a function of the other variables
qa(l)(qa(0), p
a(0); ...; qa(l−1), p
a(l−1)). The condition for extremisation of the action S[q(t)] =
∫
dt L is,
δqS = 0 =
∫
dt
l∑
j=0
(−dt)
j ∂L
∂qa(j)
δqa +
∫
dtdt
l∑
i=j+1
l−1∑
j=0
(−dt)
i−(j+1) ∂L
∂qa(i)
δqa(j) .
If the boundaries are such that the variations of qa and its derivatives upto order l − 1 vanish, the
second integral will go to zero and the equation of motion will be
2
(−dt)
j ∂L
∂qa(j)
= 0 . (3)
On the other hand, if this system undergoes a symmetry transformation, δS = 0 and substitution of
equation of motion (3) yields,
dt

 l∑
i=j+1
l−1∑
j=0
(−dt)
i−(j+1) ∂L
∂qa(i)
δqa(j)

 = 0 .
The quantity within the square brackets is the conserved No¨ther current J . From its structure, we
may read off the conjugate momenta
p(j)a ≡
l∑
i=j+1
(−dt)
i−(j+1) ∂L
∂qa(i)
, j = 0, ..., l− 1 . (4)
The No¨ther current may then be cast into the standard form J =
l−1∑
j=0
p
(j)
a δqa(j).
2.2 Relativistic continuous systems
Here, in place of the generalised coordinates, we shall be working with special relativistic fields hav-
ing infinite number of degrees of freedom. Let us consider a system of scalar fields φa(x). If
L(φa, φa,ρ1 , φa,ρ1ρ2 , ..., φa,ρ1...ρl) be the Lagrangian density (where φa,ρ1...ρj ≡ ∂ρ1 ...∂ρjφa), then by ex-
tremising the action S[φ(x)] =
∫
d4x L with respect to the fields φa(x), we get the equation of motion
l∑
j=0
(−1)j∂ρ1 ...∂ρj
∂L
∂φa,ρ1...ρj
= 0 . (5)
The necessary boundary conditions are that the fields and their derivatives upto φρ1...ρl−1 fall off at
infinity. It would be convenient if we could write down a general form of the No¨ther current for such
higher derivative systems. This is achieved by applying a symmetry transformation to the fields and
consequently employing the equation of motion (5) to get the No¨ther current,
J ρ1 =
l∑
i=j+1
l−1∑
j=0
(−1)i−(j+1)∂ρj+2 ...∂ρi
∂L
∂φa,ρ1...ρi
δφρ2...ρj+1 , (6)
which is locally conserved i.e. ∂ρ1J
ρ1 = 0. It may so happen that instead of δL being zero, the
Lagrangian density varies by a total derivative. This would then contribute to the No¨ther current.
However, as we have already mentioned, a canonical formalism of relativistic field theories requires
us to foliate spacetime into spacelike hypersurfaces. This in turn involves the separation of temporal and
spatial derivatives of the fields1. It is most often possible to arrange terms in the Lagrangian such that
mixed derivatives of the fields as in ∂2t ∂kφ do not survive. This is true not only when the Lagrangian is
Lorentz invariant [22] but also when the Lorentz violating action (1) is written in terms of the Lorentz
1At this stage, it is imperative that we sort the indices. Latin letters from the middle of the alphabet set viz. i,j,k,l are
being used as summation indices while those from the end like r,s,...,z will denote spatial components. Different fields will
be labelled by the alphabets a,b,c,d. Greek letters are reserved for spacetime indices.
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preserving fields, as will be illustrated in the next section. In such situations, the canonical momenta will
be given by
πa(j) ≡
l∑
i=j+1
(−dt)
i−(j+1) ∂L
∂φa(i)
, j = 0, ..., l− 1 . (7)
The canonical variables will satisfy the Poisson bracket
{φa(i)(t, ~x), π
b(j)(t, ~x′)} = δba δ
j
i δ
(3)(~x− ~x′) . (8)
3 Myers Pospelov theory
3.1 Constant timelike background vector
Without loss of generality, we are going to work in a Lorentz frame defined by n = (1,~0). Then the
Lorentz preserving fields φ‖(t), φ⊥(~x) become spatially homogeneous and static, spatially inhomogeneous
respectively. This greatly simplifies the Lagrangian density:
LMPφ = φ˙
∗
‖φ˙‖ −
~∇φ∗⊥ ·
~∇φ⊥ +
iκ
MPl
(φ∗‖ + φ
∗
⊥)
...
φ‖ , (9)
= LMPφ (φ‖, φ˙‖, φ¨‖,
...
φ‖, φ
∗
‖, φ˙
∗
‖, φ⊥,
~∇φ⊥, φ
∗
⊥,
~∇φ∗⊥) . (10)
Here, we have neglected the masses of the fields as we are interested in behaviour of the system at
energies much higher than the field masses. It is now evident why our chosen Lorentz frame is particularly
useful. Eq.(9) has only higher order time derivatives of φ‖(t) while ~∇φ‖ = 0 = ∂tφ⊥. Thus all mixed
derivatives in the sense described above will vanish. This permits us to safely use eq.(7) to determine the
canonical momenta. We list them in the following table.
Generalised Generalised
coordinate momentum
φ‖(0) = φ‖ π‖(0) = φ˙
∗
‖ +
iκ
MPl
φ¨∗‖
φ‖(1) = φ˙‖ π‖(1) = −
iκ
MPl
φ˙∗‖
φ‖(2) = φ¨‖ π‖(2) =
iκ
MPl
(φ∗‖ + φ
∗
⊥)
φ∗‖(0) = φ
∗
‖ π‖∗(0) = φ˙‖
φ⊥(0) = φ⊥ π⊥(0) = 0
φ∗⊥(0) = φ
∗
⊥ π⊥∗(0) = 0
Table 1: Canonically conjugate phase space variables
Note that π⊥(0) = 0 and π⊥∗(0) = 0 are constraint relations that will be imposed weakly. The equal
time Poisson Bracket, eq. (8), will hold for the canonical variables.
Under an infinitesimal Lorentz transformation, δαβφ = x[α∂β]φ and the Lagrangian density being a
scalar function, also changes δαβL = x[α∂β]L = ∂ρ1(x[αδ
ρ1
β]L). The Lorentz preserving fields conserve the
No¨ther current J µαβ [15]. The No¨ther charge is given by
Qαβ =
∫
Σ
d3σρ1J
ρ1
αβ .
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Here, Σ is a three dimensional hypersurface. If we orient it orthogonal to the time axis then,
Qαβ =
∫
Σ
d3~x
(
π
(0)
‖ δαβφ‖(0) + π
(1)
‖ δαβφ‖(1) + π
(2)
‖ δαβφ‖(2) + π‖∗δαβφ
∗
‖ − x[αδ
0
β]L
)
,
=
∫
Σ
d3~x
(
π(j)a δαβφa(j) − x[αδ
0
β]L
)
. (11)
Here φa = φ‖, φ
∗
‖. The other variables do not contribute. From the structure of Qαβ we can deduce
that
{Qαβ(t), φb(k)(t, ~x)} = −δαβφb(k)(t, ~x), for φb = φ‖, φ
∗
‖ ;
= 0, for φb = φ⊥, φ
∗
⊥ . (12)
The final step is to evaluate the algebra of the charges. A simple calculation using eq.,(11), the basic
Poisson bracket (8) and the relation δαβφ = x[α∂β]φ gives,
{Qαβ(t), Qρσ(t)} = ηασQβρ(t)− ηαρQβσ(t) + ηβρQασ(t)− ηβσQαρ(t) . (13)
Eqs. (12), (13) confirm that No¨ther charges defined in terms of the Lorentz preserving fields are
generators of Lorentz transformation and satisfy the standard Lorentz algebra. Thus, the special field
configurations provide a valid basis for the realisation of Lorentz Lie algebra which determines the local
structure of Lorentz group near the identity.
3.2 Constant spacelike background vector
Next, we go over to the Lorentz frame where n = (0,~1). Then the Lorentz preserving fields will be
φ‖(~x), φ⊥(t) and the Lagrangian will take the form
LMPφ = φ˙
∗
⊥φ˙⊥ − ~∇φ
∗
‖ ·
~∇φ‖ +
iκ
MPl
(φ∗‖ + φ
∗
⊥)|~∇|
3φ‖ . (14)
This Lagrangian density contains only first order time derivatives of the fields. Thus, no extra phase
space variables will be required. The table below lists the pairs of canonical coordinates and momenta.
Generalised Generalised
coordinate momentum
φ‖ π‖ = 0
φ∗‖ π‖∗ = 0
φ⊥ π⊥ = φ˙
∗
⊥
φ∗⊥ π⊥∗ = φ˙⊥
Table 2: Canonically conjugate phase space variables for n = (0,~1)
The fundamental Poisson Bracket is,
{φa(t, ~x), πb(t, ~x
′)} = δab δ
(3)(~x− ~x′) . (15)
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Integration of the zeroth component of the No¨ther current over an appropriately chosen three dimen-
sional spatial slice normal to the time axis gives the No¨ther charge for Lorentz transformation,
Qαβ =
∫
d3~x
(
π⊥δαβφ⊥ + π⊥∗δαβφ
∗
⊥ − x[αδ
0
β]L
)
. (16)
This is of the same form as the standard No¨ther current obtained for a first order system of scalar
fields. Hence, the No¨ther charges would generate infinitesimal Lorentz transformation and satisfy the
Lorentz algebra.
4 Overview of covariant phase space formulation
The covariant construction of phase space keeps intact Poincare´ invariance of a physical system [23, 24,
25, 26, 27]. As opposed to the standard decomposition of phase space in the 3+1 framework, the classical
covariant phase space Z of a physical theory is defined as the space of classical solutions of the dynamical
equations of the theory. Functions φ(x), tangent vectors δφ, one forms δφ(x) and exterior derivatives δ
can be defined on Z following [25, 26].
The phase space Z is naturally endowed with a closed, non-degenerate two-form ω˜ ( ω˜ is non-
degenerate provided the one-form ω˜(V˜ ) = 0 if and only if V˜ = 0) called a symplectic structure. Itcan be written as an integral of some closed, conserved symplectic two-form current ω˜µ (note that ω˜µ is
a two-form in phase space Z and a vector current in spacetime; ∂µω˜
µ = 0, δω˜µ = 0) over a hypersurface
Σ,
ω˜ =
∫
Σ
dσµω˜
µ (17)
Hence, the task now is to find a suitable symplectic current, given any Lagrangian. Owing to our
present interest in the covariant description of canonical formalism for higher derivative theories [28], we
shall straight away take the general example of a Lagrangian density L(φa, φa,ρ1 , φa,ρ1ρ2 , ..., φa,ρ1...ρl).
For φa belonging to Z and an arbitrary linear transformation δφa(x) that takes φa(x)→ φa(x) + δφa(x)
on the phase space, we have
δL = ∂µ
l∑
i=j+1
l−1∑
j=0
(−1)i−(j+1)∂ρj+2 ...∂ρi
∂L
∂φa,µρ2...ρi
δφρ2...ρj+1
= ∂µj
µ, (18)
after substituting the Euler Lagrange equation of motion (5). jµ is interpreted as a pre-symplectic
current because it is used to define the symplectic current ω˜µ = δjµ. From eq. (18) one can see that
it is obviously closed in phase space and conserved through its dependance on spacetime. Hence, the
symplectic structure
ω˜ =
∫
Σ
dσµω˜
µ = δ
∫
Σ
dσµj
µ (19)
is not only closed but also exact. Moreover, the local conservation of the symplectic current in
spacetime guarantees that ω˜ will not change with the choice of the surface of integration Σ in (19) and
in particular, will be Poincare´ invariant [26].
6
5 Symplectic structure with Lorentz preserving fields
The covariant version of the canonical formalism is meaningful only when the physical theory has Poincare´
invariance. The original Myers Pospelov Lorentz violating model doesn’t meet this requirement. But
when the allowed field configurations are restricted to the Lorentz preserving fields, the dynamics of
the theory becomes invariant under infinitesimal Lorentz transformations enabling us to construct its
covariant phase space. Only in this context, eq. (18) holds for LMPφ .
One must have observed that the presymplectic current (18) and the No¨ther current (6) have identical
forms. In fact, with the interpretation of δφa(x) as a one-form on phase space, the No¨ther current becomes
the pre-symplectic current one form. It must also be stressed that the entire construction of the symplectic
structure (19) follows from (18), the validity of which is ensured by the Lorentz preserving fields. This is
turn guarantees the existence of a Lorentz invariant (and Poincare´ invariant) symplectic stucture on the
covariant phase space of Lorentz preserving solutions of the equation of motion of Myers Pospelov action
[15].
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